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We prove that from the stability (asymptotic stability) of linear systemn (1)follows
the stability (respectively, asymptotic stability) of the trivial solution of nonlinear
system (2) if the deviations of the arguments and the nonlinear addition are
sufficiently small in the correspinding integral sense,

For ] —1,2,..., gwedenote (¢, &, n;) =7{f &, &ove - oo EpMsMase - o

1), where f, §;,, M; are m-dimensional vectors, We consider the following two systems:
the linear system (1) and the nonlinear system (2) perturbed [1] relative to (1)

P

y=A@M)y, A@) = 2 A M
k==

a' (t) = § A (O (0 (D) + 7 (62" (B (), 7 (2 (1)) (2)

Here ¢y, {; ,Y; are transformations of the argument, A, (¢) are square matrices,
z and ¥ are mth-order vectors, Everywhere the integrals are to be understood in the
Lebesgue sense, The derivative is to be understood in the following sense, If for some
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constant vector ¢ t
v(t)=c+ Su(t)dr

a
for t = la, b] then u (¢) is called the derivative of v (¢) and denoted v’(¢) for ¢ =
la, b] » In this paper we shall use the following notation : | | is the norm of a vector
or a matrix, equalling the sum of the moduli of the elements; Y (Z) is the matrix solu-
tion of system (1), satisfying the initial condition Y (¢,) = E,where £ is the unit mat-
rix; Z (B) is a set of m-dimensional vector-valued functions, defined for £ < 6, whose
components have an at most countable set of discontinuity points; W (8)isa
set of m-dimensional vector-valued functions, defined for ¢ < 8, whose components
are continuous,

Let z &= Z (a), w &= W (a). A vector-valued function x (t) satisfying system (2)
for ¢t & la, b] and the conditions z’ (t) =z (¢}, = (t)=w (¢) for ¢ < @ is called a
solution of system (2) for ¢ & [a, b],corresponding to the initial vector-valued func-
tions z (Z) and w ( t) . We note that here we do not require the fulfillment of the so-
called connection condition, The problem is to determine the stability conditions for
the trivial solution of system (2) if the trivial solution of system (1) is stable,

The following conditions for system (2) are in aggregate called conditions .

1) The elements of matrices A, (¢) are determined for ¢ & [t,, co)andhavean
at most countable set of discontinuity points,

2) |4r ()] < ap for t = 2y, o).

3) The vector-valued function f (¢, &;, ;) is defined for ¢ €= {£4,00) for | M <
R ,where R > 0,and forany &, .

4) For each component of the vector-valued function f (¢, &;, m;) there exists
an at most countable set of values of £, at which it suffers a discontinuity,

5) There hold the inequalities

q
(68— & OIS D GiE — & |+ 2 By — /|

=1 =1

q a

I7¢30m) < 2 s O1&E+2 b Oln]
=] i=1
where g; (f) and h; (¢) are integrable functions on any finite interval [t,, T] (we can
assume that g; () <C Gy, hy (1) <C H)), and
qQ o 0?
12 ¢<t, Sgmiv< o, (n@Edr< oo
=1 to o
6) The functions @y (t), P; () and X; (¢) are defined for ¢ & l¢,, oo), satisfy
the inequalities @y (£), P; (¢), %; (¢) < ¢ and have an at most countable set of discon-
tinuity points,
7) There exists T, >> ; such that @5 () = &y for t > 1.
8) The functions Ay (f) = — @y (¢) are integrable on any finite interval [¢,,
T] and o
\ Ay (¥) dv < oo
to

9) For each function ; (¢) any finite interval [#,, 7] canbe represented as a
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finite sum of intervals on each of which the function either strictly increases or strictly
decreases or is constant,

As the sets of initial vector-valued functions we take the sets Z (¢,) and W (¢,).The
trivial sultion of system (2) is said tobe stable if for any & > () there exists & > 0
such that the solution of system (2), corresponding to any initial vector-valued functions
zeE Z (ty), wE W (t,) suchthat [ z (1) | <9, |w (1) | < & for ¢ > t,, satisfies
the inequalities | 2’ (¢) | <&, |z (¢) | < e. If lim,o, 2 (£) = O, then the trivial
solution of system (2) is said to be partially asymptotically stable, However, if
lim, . 2’ (¢) ==0and lim, ., z (f) = 0,then the trivial solution of system (2) is said
to be asymptotically stable,

Theorem 1, Assume that:1) conditions w are fulfilled for system (2) ; 2) the
matrix A (t) is periodic or is such that

t
SspA(r)dr}ot\/—oo (3)
t,
Then the stability of the trivial solution of system (2) follows from the stability of the
trivial solution of system (1),
Proof, Wedenote F (4, &, ;) =f (¢, &, {;), where

U LR

L= 2 :
! ”nl ”le» ”7]1 “>B

The vector-valued function F (¢, §;, 1;) satisfies the following conditions, It is defined
for t & [{,, oo) and for any £, and 1,; for each of its components there exists an at
most countable set of values ¢ for which the component becomes discontinuous ; for any
&My &My, &5 M we have the inequalities

LF (& m ) << &0 IE ]+ D) u(®)my]
(=1 =1

?
VF(tE" ") — F (8L )<< 2 G|& —E&|+2 L H g — /]
=1

=1
Let us consider the system v
' (1) = 2 A x (@ () + F (G2 (0@ zu®) @
k=1

We take any sets Z (8,) and W (6,), where 0, > ¢,, and any bounded vector-valued
functions z = Z (0,) and w ='W (0,). We denote

U = max {1 +d -+ (a+ H) (0, — 0,), a -+ H}

B = suprcs, | 2 ()] + supicoo|w (£)]

a q ¥
d=D16, H=XH, a=2u
I==1 k=1

I=1
We take d, satisfying the inequality d < d, << 1. Let 0§, be such that

0, — 8, = (do — d)/(a -+ 2H)

With the aid of the successive approximations
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P
Z Ap (@) vna (@ (0)) + F (, ttney (W1 (O var (U (E))y (8o, 84]

un (t) = k=1
Z (t)v 4 < e(]
i

©(0) + | uns (D dr, te (8, 04]
8o

w(l), t< 0O,
z (80)’ te (90, 6]
%m:{z@,t<%
where for ¢ & [8,, 8;] components of vector functions u, (f) bave an at most count-
able set of discontinuity points, it is not difficult to show that a solution z (¢) of system

(4) exists for ¢ <= [0, 0,1, corresponding to z (f) and w () This solution is unique
since by assuming the contrary we get that d, >> 1. The inequalities

I OI<B+ £, Ie@1<8+ (B+ 2L ) @ —0 )

are valid for ¢ = [8,, 6,].
let z & Z (i,) and W & W (t,). By virtue of what we have proved, a unique solu-
tion z (£) of system (4) exists for ¢ & [¢,, #;1, where

t — to = (d, - d)la + 2H
corresponding to the initial vector-valued functions z (¢) and w (), This solution satis-

fies bounds (5) for ¢ = [£y, ;1. Assuming the vector-valued functions 2’ (¢) and z (1)
as initial ones, we continue the solution in unique manner on the interval 17, Ly ], where

Un—y (t) =

This continuation satisfies bounds of type (5) for ¢ & [t5, 5] ,etc, Hence it follows
that a unique infinitely-continuable solution z (Z) of system (4) exists, and it corresponds
to the initial vector-valued functions z (#) and w (¢). For arbitrary numbers T’ > £,
and & > U, we can find § > 0 such that for ¢ = [#,, 7| we have Ja' ()] <e,
| = (t)] << e for any solution z (¢) of system (4), corresponding to the initial vector-
valued functions z & Z (¢,) and w & W (£g) such that |z () | << 6, Jw (1) ] << 8.
When condition (3) is fulfilled, the matrix Y () is bounded for ¢ gz l#,, o0).The-
refore, in the given case the quantity | Y (#) Y~* (v) | is boupded for ¢ & [4,, o0),
T & [ty, tl. When the matrix 4 (#) is periodic, Y (f) = P (i) eB! [2], where P (1)
is a periodic mawix, B is a constant matrix,and e8! is a bounded matrix. By virtue
of the equality Y (§) Y-! (1) = P(t) eB(=9) P-1 (1) the quantity | Y (t) Y- (7) |
is bounded for { & 1¢,. 0)7 T & ty, t]. Therefore, in any case we can fmd a number
Mosuch that | Y (¢) Y=} (1) [ <C wg for ¢ = [2, o0), 1= ¢, 1.
let T, > T, be such that

p = q oo
11
902 S (M’A;f('v)“l‘}*oi + ng(r)df—!‘!loz S hy(v)dv <8<
k=1 Tq i~.~1 o I=1T
M= a“—}—ada+ H—{—ai!
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We take any § > 0, Let z & Z (¢,) and w & W (#,) be such that [z (¢) | << &
and Jw (f) | < 8, and let z (t) be the solurion of system (4) corresponding to them,
We take any 7 > T, We denote

b= guple O] b= sup, [ @ & = saplz ) = sup 1o ()

From equality (4} it follows that
Tz O f<<a®;, +h) +d B+ M) + H (S, + Ay
fort & [T,, T]. Hence we get that

< (a 4+ H) (;Szj—dh) -~ d& (6)
From the equalities
‘Pk(i) ) cPk(t)
2@ —z®= { JA@z@dr+ | Fr.2 @ (o) 2(x () de
t k=1 t

valid for ¢ > T, taking (6) into account we obtain

2 (e (1) — 2z (O] < @by () (Ao + 82) + dAL (8) Ay -+ 8,) +
HA (1) (g + 85) <T@l () Ry -+ 0y (818, + A, (1) 2D 2y

dA () SR A B0 G (1) 6, + HAL ()0 + HAL (D),

for t & [T, T'l, Taking the last inequalities into account we obtain the following
estimates when £ = [T, T] :

|45 ()12 (@1 () — 2 N1 MBy () + Ly 3, 8) 8, () (D
Lu(8s, 62>=a262+adﬂ‘—f{%_«?fdii""i + add, + aHé,

When ¢ t, the solution x (7) satisfies the following system of integral equations:

i r
z () =y (t) -+ S Y ()Y (v) Z A, (0) [z (9 (7)) — z (D) dT + (8)
to k=1

VY@ Y1 (@ F (1,2 (0 (1) @ (u (7)) dr
to
where y (1) is the solution of system (1), satisfying the initial condition ¥ (Z,) = w (¢,).
Let us separate the integration interval in equality (8) into [¢,,7,] and [T,t]. Then,
taking inequalities (6) and (7) into account, we obtain the following inequality when
t =T, Tl
[2 (1< 80 4 Ly (Brs 82 + 18, 8, = supise |y (0]

Lo (81, 82) == po(To — o) [2aby + db; HE,1 4 poln (81, 8,) X

o q o

ﬁ‘, ioAh(r)drql—po[Bl%—Wﬁflz (ar(dr+ 8, X\ rimyan

1==1T, 1==1Te
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Hence
g
The latter inequality is independent of T. Therefore,when ¢t > T o the vector-valued
funotion z (f) satisfies the following inequality :
Iz <v (9
From inequalities (6) and (9) it follows that

’ H) (62 4-7) +db
E: (t)ll<(a+ )1——d ) -

for t > T, . Since the numbers 8, 8, and 8, can be made arbitrarily small, the tri-
vial solution of system (4) is stable for all z = Z (¢,) and w & W () such that

tion of system (2) is stable, Theorem 1 is proved,

Theorem 2, Assume that: 1) conditions (» are fulfilled; 2) matrix A (¢) is peri-
odic, Then the partial asymptotic stability of the trivial solution of system (2) follows
from the asymptotic stability of the trivial solution of system (1),

Proof, From the fact that the trivial solution of system (1) is asymptotically stable
it follows, on the basis of Theorem 1, that the trivial solution of system (2) is stable,

Let r satisfy the inequality 0 <C r <{ R. We can find § > 0 such that if only the
initial vector-valued functions z & Z (¢,) and w & W (t,) satisfy the inequalities
|z ()] <<8, |w()] <8, then the solution z (t) of system (2) t & [¢a, o)
corresponding to them satisfies the inequalities | 2’ (£) | << r, | 2 (¢) | << 1. We shall
consider such solutions only,

We take any ¢ > 0. Let T > 1, be such that

Bor D) a(a - d+H)IS Ay (v) dr +W2 (& a@dr+ § h(mdr) <<
k=1 o =1 T, To
Wo= sup 1Y () Y™ (v)|

t[to,0), T=[10,1]

let I > T, be such that for ¢ > 7, we have
To To
ly @)+ 2ar | Y ()] S 1Y (©)dv4-r@d+ H)|Y (1) \ | Y7 (v) fdv < =~

0
where y () is the solution of system (1), satisfying the initial condition ¥ (£,) = w (¢,)

We make use of equality (8), valid for ¢ >> ¢,,in which instead of F there occurs the
function f of those same arguments, Taking into account that

[ A (&) (x (0 () — 2z (@) | < ar (a -+ d + H)A, (1)

for t >> T, ,we obtain the following inequality :

To » f
[z O] <ly @1+ 2ar] Y &) {177 (@] dv + por Za(aﬁ*d‘i—H)XTS Ay (v)dr +
to k=1 o

t t

Te q
rd+ MY OIS 1Y @+ pr (3§ gz(r)dr+2 \ hu(v)dr)
to T

=1T, I=1T,

o~
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which is valid for 7 > 7', Therefore, |z () | < e for t >> T , But this signifies
that lim, ..z (#) = 0. Theorem 2 is proved,

Theorem 3, Assume that: 1) the hypotheses of Theorem 2 are fulfilled; 2)
lim @, (t) = oo, lim ; (f) = oo, limy; () = co as {-> oco. Then the asymp-
totic stability of the trivial solution of system (2) follows from the asymptotic stability
of the trivial solution of system (1),

Proof, Let r satisfy the inequality () «~ r << R. We take § > ( such that if
only the initial vector-valued functions z & Z (¢,) and = W (£,) satisfy the in-
equalities H z (8 H < 8§, H w () | < §, then the corresponding solution z (f) of sys-
tem (2) satisfies the mequalities Jz <7, |z()|<<r when ¢ > ¢, and,in
addition, lim .., z (f) = 0. We shall examine such solutionsonly; let z ({) be one
of them, We take any ¢ > 0. We take T, > t, such that

2%wwww+ZHmmmm<s

k=1

for t > T,.

There exists T (7y) > I, such that ; () > T, when ¢ > T (T,) . For any
0 2> t, we denote A (0) = supgs |2’ (2) | Obviously. the function A (o) is non-
increasing, Since it is bounded from below, A, — lim ;... A {0). exists, From equal-
ity (2) we obtain

|z @] < Z&wmmw+2mmwm+2HzmmmﬁMm+s

k=1
for ¢t > T (T{,) Hence
A(T(TY)) <dA(Ty) + &
Passing to the limit as 7'; — oo, we obtain

Aw < dAw + & Do << 8l — )

Since € is arbitrary, A, == (), But this signifies that lim; . 2'(#) = 0. Theorem 3
is proved,

if d <1/, in conditions o it is sufficient to require that the vector-valued function
7 (¢, &, M) be bounded only for | & | < R. The results of this paper generalize to
the case of an infinite countable number of transformed arguments.

Together with system (1) let us consider a system (2) in which p = oo and [ = 1,
2, 3... The following conditions for this system are in aggregate called conditions o

1) Conditions 1) — 4) and 6) — 9) of conditions ® are fulfilled and

a=da<o, D {amdr< e
K== K==1to

2) There hold the inequalities "
@8 — 78 IS D Gl — &/ +§] Hn' — /|

==}

imwNa<2@mmemmm

f=x]

where g; () and k, (f) are integrable functions on any finite interval [¢,, T'] (we can
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assume that g; (8) << Gy, Ry (1) < H)), and

[« I 5]

S6<1, DH <o, 2 \amar<eo, X \nmdr<
1=1

I=1 L= 1y I=1 1,
Theorems 1 — 3 will hold for this case if conditions » are replaced by conditions ®,.

on o

REFERENCES
1, Krasovskii, N, N,, Some Problems in the Theory of Stability of Motion,
Moscow, Fizmatgiz, 1959, (See also English translation, Krasovskii, N, N, , Stabi-
lity of Motion, Stanford University Press, Stanford, California, 1963),
2,Bellman, R, , Stability Theory of Differential Equations, New York, McGraw-Hill

Book Co,,Inc,, 1953,
3, El'sgol’ts,L.E, and Norkin, S, B,, Introduction to the Theory of Differ-

ential Equations with a Deviating Argument, Moscow, "Nauka", 1971,
Translated by N,H, C,

UDC 531, 36

ON STABILIZATION OF POTENTIAL SYSTEMS

PMM Vol, 39, N1, 1975, pp.53-58
V.M., LAKHADANOV

{Minsk)
(Received April 11, 1974)

We prove a generalization of the Kelvin-Chetaev theorem, We examine certain

aspects of the stabilization of unstable potential systems by gyroscopic and non-

conservative forces [1],

We consider the systems (1), F are constant symmetric ( 72 X 7 )-matrices)
1.1)

(1,2)

1,
"+ D -+ Fz =0

" + Dz’ + Fz = X (z, &)

z =col(zy, ..., z,), X (2, 7) = col (X, (x,2),..., X, (x,2)), X(0,00)=0

(the functions X; (z, z') contain z;, z;’ to powers not less than second),
A result which we can state as the following theorem was proved in [2].
The Kelvin-Chetaev theorem, If mawix D is positive definite and

among the eigenvalues of matrix F there is at least one negative, then §ystems (1,1)

and (1, 2) are unstable,
A result which can be leoked upon as a generalization of the Kelvin-Chetaev theorem

was proved in [3],
The theorem from [3], If mawix D is positive definite and |[F| == 0, then

the number of roots with a positive real part of the characteristic equation
| EA* + DA+ F| =0 (1.3)

equals the number of negative eigenvalues of matrix 7.



